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Abstract. Isothermic surfaces in S n arc characterised by the existence of a 
£^ i pencil V* of flat connections. Such a surface is special of type d if there is a 

' family p(t) of V'-parallel sections whose dependence on the spectral parameter 

t is polynomial of degree d. We prove that any isothermic surface admits a 
£f*l , family of V*-parallel sections which is a formal Laurent series in t. As an 

application, we give conformally invariant conditions for an isothermic surface 
in S 3 to be special. 
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^ Introduction 

^J* , Isothermic surfaces, that is, surfaces which admit conformal curvature line coordi- 

■^j- ' nates, were intensively studied around the turn of the 20th century by Darboux, 

Bianchi and others [0, |[ |[ ||| . These classical works revealed a rich transformation 
theory that has been revisited in modern times from the viewpoint of integrablc 
systems ^ |l0|, |l6| . At the heart of the integrable systems formalism is the observa- 
C*~) ' tion that there is a pencil of fiat connections V* = d + trj, t E K, associated to each 

isothermic surface. 

In our previous work Q , we distinguished the class of special isothermic surfaces (of 
type d) which are characterised by the existence of a polynomial conserved quantity, 
that is, a family p{t) of V*-parallel sections whose dependence on t is polynomial 
(of degree d). The existence of such a polynomial conserved quantity amounts to 
a differential equation on the principal curvatures of the surface. For example, an 
isothermic surface in S 3 is special of type 1 if it has constant mean curvature with 
respect to a constant curvature metric on (an open subset of) S 3 and special of type 
2 if it is a special isothermic surface in the sense of Darboux and Bianchi |l],[nj] — a 
class of isothermic surfaces that originally arose in the study of surfaces isometric 
to a quadric. 

The purpose of the present paper is to answer a question posed to one of us by 
Nigel Hitchin: does any isothermic surface in S n admit a, formal conserved quantity, 
thus a solution p(t) of V*p(i) = with pit) = J2i<o P'** a f° rrna l Laurent series? 
We give an affirmative answer locally, away from the (discrete) zero-set of r\, and 
globally when n = 3. In particular, any isothermic 2-torus in S 3 admits a formal 
conserved quantity. This is an analogue of the existence of formal Killing fields for 
harmonic maps || although the method is somewhat different since here we deal 
with nilpotent rather than scmisimplc gauge potentials. 

Since polynomial conserved quantities are also formal conserved quantities, our ar- 
guments allow us to give conformally invariant conditions, in terms of the Schwarzian 
derivative and Hopf differential introduced in B, for an isothermic surface to be 
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special of type d. We illustrate these results with the case of surfaces of revolu- 
tion and other equivariant surfaces where these conditions amount to a differential 
equation on the curvature of a profile curve. 

Some of the following results can also be found in the second author's doctoral 
thesis jl5| , using a different approach. 

1. Preliminaries 

1.1. The conformal sphere. We will study isothermic surfaces in the n-sphere 
from a conformally invariant view-point and so use Darboux's light-cone model of 
the conformal n-sphere. For this, contemplate the light-cone £ in the Lorentzian 
vector space W 1 ^' 1 and its projectivisation P(£). This last has a conformal struc- 
ture where representative metrics g a arise from never-zero sections a of the tauto- 
logical bundle 7r : £ — ► P(£) via 

9lT (X,Y) = (da(X),da(Y)). 

Then S n = P(£) qua conformal manifolds. Indeed, for non-zero w € let 
E(w) be the conic section given by 

E(w) = {ve C: (v,w) = -1} 

with (definite) metric induced by the ambient inner product on ]R n+1,1 . Then tt\e(w) 
is a conformal diffeomorphism onto its image. In particular, when wq is unit time- 
like, we have an isometry x n- x + wq from the unit sphere in (wo)~ L to E{wq) and 
thus a conformal diffeomorphism from that sphere to P(£). More generally, E(w) 
has constant sectional curvature — (w, w). 

1.2. Invariants of a conformal immersion. Let E be a Riemann surface and 
A : S 4 S" = P(£) a conformal immersion. We view A as a null line subbundle of 
the trivial bundle R n+U1 = Sx 

The central sphere congruence assigns, to each x € E, the unique 2-sphere S(x) 
tangent to A at the point A(x), which has the same mean curvature vector as A at 
x. Having in mind the identification between 2-dimensional subspheres of S n and 
(3, l)-planes of via 

V ^v(cnv), 

the central sphere congruence of A amounts to a subbundle V of R" + ' , with 
signature (3, 1). 

Fix a holomorphic coordinate z = u + roonE and take the unique (up to sign) lift 
ip G TA such that 

|d^| 2 = |dz| 2 . 

Then 

Consider now the unique section ip £ T(V) such that 

= 0, (if,, if,) = -1 and (#,dil>) = 0, 
which provides a new frame for V ® C, namely 

ip,ip z ,tpz and tp. 

According to 0, we have 

Wzz + = K, 

for a complex function c and k G T(V" ± <E> C). These latter invariants are, respec- 
tively, the Schwarzian derivative and Hopf differential of A with respect to z and, 
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together with the connection D on V 1 - given by orthoprojcction of flat differentia- 
tion, determine A up to conformal diffeomorphisms of S n . 
Our frame satisfies: 

, c , 

Wzz = --W + H 

ijj z = -2(k, R)ip z - ctp M + 2DzK 

for each £ S r(V ® C). The corresponding structure equations are the conformal 
Gauss equation: 

-Cz = 3(k, £> z k) + («, £> z k); 
the conformal Codazzi equation: 

lm(D z DzK + -ck) = 
and the conformal Ricci equation: 

D- z D z i - DM - 2(£, k)k + 2(£, k)k = 0. 
See Q for more details. 

1.3. Isothermic and special isothermic surfaces. Classically, an isothermic 
surface is a surface in S n that admits conformal curvature line coordinates but we 
shall follow 0,|l^] and adopt the following conformally invariant formulation: 

Definition 1.1. An immersion A : £ — > S n = P(£), A is an isothermic surface if 
there is a non-zero closed 1-form ij S fi 1 (g) o(R™ +1,1 ) taking values in A A A^ []. 

One makes contact with the classical formulation by defining q S r(S ,2 T*S) by 

g(X,y)cr = rjxdya, 

for any <r €E TA. Then c?7y = if and only if q is a holomorphic quadratic differential 
which commutes with the second fundamental form of A. Now q and hence r\ van- 
ishes only on a discrete set and, off that set, we can find a holomorphic coordinate 
z such that q = dz 2 . In terms of the corresponding lift ip of Section 1.2, we then 
have 

n = —ip A (ipgdz + ip z dz) 

which commutes with the second fundamental form if and only if k is real. In this 

case, z = u + iv where u, v are curvature line coordinates. 

The conformal Gauss and Codazzi equations are now given simply by 

Cz — 4(k, k) z and Im(DzDzK + = 0, 

while the conformal Ricci equation amounts to the familiar assertion that the con- 
nection D on V is flat. 

The key to the integrable systems theory of isothermic surfaces is the observation 
that the family of metric connections d -I- trj, t £ R on R™ +1,1 are flat and so have 
a good supply of parallel sections. In [Q, we considered isothermic surfaces which 
admitted parallel sections with polynomial dependence on t and so introduced the 
notion of special isothermic surfaces of type d g Nq: 



1 Recall the isomorphism /\ 2 R n + 1 ' 1 S o(M n+1 ' 1 ) via (u A v)w = (u,w)v - (v,w)u, for all 
u.v.we R n + 1 ' 1 . 
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Definition 1.2. An isothermic surface (A, 77) in S n is a special isothermic surface 
of type d e N if there is a polynomial p(t) = EiLo^ e r(l n+1 ' 1 )[i] of degree d 
such that (d + tr/)p(t) = 0. We call such a p(t) a polynomial conserved quantity of 
(A,ry). 

An immediate consequence of (d + tr/)p(t) = is that dpo = so that po is constant 



and therefore, if non-zero, defines a conic section as in Section 1.1. We therefore 
refine our definition: 

Definition 1.3. An isothermic surface (A, 77) in S n is a special isothermic surface 
of type d 6 No in E(w) if (A, 77) admits a polynomial conserved quantity p(t) = 
DiLoft^ of degree d with p G («;). 

The condition that an isothermic surface (A, 77) be special of type d amounts to 
a differential equation on the principal curvatures of A. For example, generically, 
(A, rj) is a special isothermic surface of type 1 in E(w) if and only if the lift F : 
E — > E(w) of A is a generalised ii-surface (which, in codimension 1, amounts to 
the mean curvature H being constant) (||, see also Hj). Again, in B, we show 
that (A, rj) is special of type 2 in E{w) if and only if there are real constants A, B 
and C such that 



\Mkx - Ak x - Ber 26 + C - \L{w, w)=0 
\Mk 2 + Ak 2 - Ber 26 - C + \L{w, w) = 0, 



(1.2) 

11 1 : . .. hi 1 i - h 1 i - ^ 1 / /.• < .... 1 /.• < t >•/ - — f -U _ , 

where z = u + iii is a holomorphic coordinate for which 77 = —ip A (ipzdz + ?p z dz), 

I = e 20 {du 2 + dv 2 ) and // = e 2e (fcidu 2 + k 2 dv 2 ) 

are, respectively, the first and second fundamental forms of the lift F : S — > E(w) 
of A, H = hMz i s the mean curvature of F, L = e 28 (ki - k 2 ) and M = -HL. This 
condition amounts to the surface being a special isothermic surface in the sense of 
Darboux and Bianchi at least when H U H V is non-zero (see Bj). 



2. Formal conserved quantities 

Denote by r(R™ +1,1 )[[t, t^ 1 ]] the vector space of the formal Laurent series in t 
with coefficients in r(K." +1,1 ), i.e., the series J2k<sPkt k i f° r some s E No, with 
coefficients in F(R ,l+M ). 

We define a R[[t,i -1 ]] valued inner product on rQR n+u )[[i,t -1 ]] by 
(p(t),q(t)) := E 

k<s-\-r i<s,j<r 

for allp(t) = E k < s Pkt\q(t) = E k < r <lkt k G rr+^ldM- 1 ]]. 

Definition 2.1. Let (A, 77) be an isothermic surface in 5™ andletp(i) = ^2 i<0 Pit % S 
r(K. n+1,1 )[[t, t^ 1 ]} such that po 7^ 0. We say that p(t) is a formal conserved quantity 
of (A, 7/) if (d + trj)p(t) is the zero series. 

Proposition 2.2. Let (A, 77) be an isothermic surface in 5". If p(t) = X^i<o^^ 
is a formal conserved quantity of (A, n), then 

(1) po is a D-parallel section ofV ; 

(2) the series (p(t),p(t)) £ R[[t,/j -1 ]] (thus independent of x S SJ. 
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Proof. Item ([j]) is proved in jl], Proposition 2.2]. 

That the coefficients of (p(i),p(t)J are constant follows from the fact that d + tri is 
a metric connection: 

,k 



d(p(t),p(t)) = £ X! d(Pi,Pj)** 

fe<0 i,j<0 

= E E (((d+ty)A,Pi) + G*,(d +t»7)Pi))t fc 

fe<0 i,i<0 
i+j=k 

= ((d + trf)p{t),p{t)) + ( P {t), (d + ^)p(t)) = 0. 



□ 



The condition that p(t) be a formal conserved quantity amounts to a recursive 
system of equations on its coefficients which we now describe in terms of the frame 
ip,ip z ,ip z ,ip of y associated with a holomorphic coordinate z as in Section 1.3. 

Proposition 2.3. Let (A, r\) fee an isothermic surface in S n and let z — u + iv fee 
a holomorphic coordinate on S such that rj = —%p A (rp z dz + tp z dz). 

Letp(t) = E. i<0 P* tl G r (l" +1,1 )[[*>* _1 ]] and , f° r *eZ 0! write 
Pi = aiip + (iiip z + Pi-ipg + ^ + qi, 

where each a^ji is a real function, (3$ is a complex function and qi € r(V J ~). Then 
pit) is a formal conserved quantity if and only if, for all i £ , 



(2.1a) 
(2.1b) 
(2.1c) 
(2.1d) 



A = -2 7 i,i 

= 27i iZ5 + 2(k, K)7i 
£> 2 (ji = 2j it gK - 2^D z k 
7i_i = 2j iiZZ + cji + 2(qi, k). 



Proof. For each i G Z , we have, using (1.1) 

_ c# 
*i,z 2 



[3i{K, k) + 2{q h K s ) + 



¥■)* 



+ (a* + Pi^ z - 2(k, /«)7i)^ + (/?i, z - C7 l - 2(g i; k) + 7i_i)V>z 

+ (/3 i K + 27 i D S K + Z) 2 gt i ). 

The vanishing of the ^ coefficient is equivalent to = —27^ since 7^ is real 
and then (2.1b) and (2. Id) amount to the vanishing of the coefficients of ip z , ip z 
respectively while (2.1c) is the same as the vanishing of the normal component. 
We are left with the ip component but its vanishing is a differential consequence of 
(|2T|) . Indeed: 

ft-i = -27i_i )f = -2(2j i:ZZZ + Czji + cy ijZ - + 2(q ltZ , k) + 2(q i} K z )) 

= -2(a itZ - 2(k, «) z 7i - 2(k, K)j itZ + cgji + (rf ifZ + 2{q l . z , k) + 2{q i} k z )) 



-2(a ijZ + 2(k, n) z ji + (k, K,)Pi 



eh 



+ 2{q^ z ,K) + 2{q il K z )) 



while 



(qi,z,K) = (-/?»« - 2jiK z , k) = -/3i(/t, k) - ji(K, k) z 



a 
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The equations (2.1) amount to a recursive scheme for constructing a formal con- 
serv ed qu antity starting wi th 70 so long as we can be assured that each 7^-1 defined 
by (2. Id) is real and that (2.1c) is solvable for each i. For this, we need: 

Lemma 2.4. Let (A, rj) be an isothermic surface in S n and let z = u + iv be a 
holomorphic coordinate on £ such that rj = —tp A (ip z dz + ip z dz). 
Let 7 be a real function and q £ r(y ± ) such that 

D z q = 2^ z k - 2^D z n. 

Define 7 by 

7 = 27 22 + C7 + 2(q, k) 
and suppose 7 is real. Then 2j zz + cy is also real. 

Proof. We compute: 

2722 + C7 = Aj zzzz + 2c zz j + 4c 2 7 z + 2c-i zz + 4(g, k) zz + c(2j zz + C7 + 2(q, «)) . 

The conformal Gauss equation says that c z — 4(k, k) z that c zz = 4(/t, k) zz is real 
and we readily conclude that 

Im(27 22 + 07) = Im(4c27 2 + 4{q, n) zz + 2c(q, «)) 

= Im(l67*(K, k) z + 4(D| S «, k) + 8(£> 2 g, D^k) + 2(g, 2£f 2 - K + c/c)) 

= Im(l6 7 2(«, «)» + 4(1?!^, fs) + 8{D z q, DgK)) , 

thanks to the conformal Codazzi equation. Now differentiate the complex conjugate 
of the equation for q and substitute in to get, after a short computation: 



Im(27 22 + try) = Im(87 22 (K, k) + 12 (7* (k, k) z + j s (k, k) z )) = 0. 



□ 



Theorem 2.5. Let (A, 77) be an isothermic surface in S n . Then locally, away from 
the zeros of rj, (A, rj) has always a formal conserved quantity. 

Proof. We work on a simply connected open set with holomorphic coordinate z for 
which rj = —ijj A (ijj z dz + ip z dz). We inductively construct a formal power series 

P( f ) = Ei<oPi** with 

Pi = ctiip + 0i<lp x + fiitpz + 7^ + q L , 

with oti,ji real, ft complex and q. L a section of V 1 - satisfying ( |2.l| ). Then, by 
Proposition 2.3, p(t) will be a formal conserved quantity. 

We begin by taking 70 = and qo a non-zero parallel section of V _ so that po = qp . 
The issue is to define 7, and for then a,*, ft are given by ( 2.1a ) and ( 2.1bj ). 
Suppose now that we have jj ,qj,j>i<E 7L~ with 

D z qj = 2~f^ z n - 2jjD z K 

li = 2 1 3 +i.zz + cij+i + 2(q j+1 ,n), 



and eac h jj , g 7 real. Define 7, to be 274+ 1 ) 



C7i- 



2(gi_|_i,At) and note that 



Lemma 2.4 (with 7 = 7i+i) tells us that 7, is real. Since I? is flat, equation ( 2.1c ) 
for qi is integrable when Im(D z (ji^ z K — jiD z K)^j = however, 

Im(D z (~f i:Z K - ~fiD z n)) = lm(j i:ZZ K - 7i-D§ f /t) = Im((7 iif2 + §7i)«)) 

by the conformal Codazzi equation, and this vanishes thanks to a second application 
of Lemma 2.4 with 7 = 7^. Thus, by induction, 71,(7$ are defined for all i G Z~ 
satisfying (2.1c) and (2. Id) and we are done. □ 
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Theorem 2.5 is not completely satisfying: the result is only local and the quadrature 
that determines each qi means that we lack an explicit formula for the pi. More, 
these quadratures introduce an infinite number of constants of integration (parallel 
sections of V ). 

However, the following simple observation allows us to control the constants of 
integration: if pit) = ^2 i<0 Pit l is a local formal conserved quantity for (A, 77) with 

r(i) = X)i<o rt ^ = {p{t)tP(t)) then r(t) is constant by Proposition |2.2[ Thus, for 
all i, 

(2-2) 2(po,<fc) = 2{po,<pi) = n - ^2 (p k ,pi). 

k,l<0 
k+l=i 

Thus the component of each qi along po is completely determined up to a constant 

by the Pj for > j > i. 

We use this to refine Theorem [2~5| : 

Proposition 2.6. Let (A, 77) be isothermic and r(t) ;= X)i<o a f orma ^ Laurent 
series with coefficients in R, such that ro > 0. Then, locally, away from zeros of n, 
there is a formal conserved quantity pit) of (A, 77) such that (v(t),p(t)) — r(t). 



Proof. We revisit the induction of Theorem |2.5| . Begin with 70 = and take po = qo 
to be a parallel section of V 1 - with (qo,qo) — ro. For the induction step, suppose 
we have defined Jj,qj and so pj, for > j > i, with Ylk+l=j(PkiPl) = r i f° r 3 > *• 



We then have that dpj J rr\pj-\ — 0, for j > i, while dpi _L V since qi solves (2.1c). 
It follows that J2k+i=i(PkiPi) i s constant so that, replacing pi by pi + stpo, for a 
suitable constant Sj, we may ensure that X)fc+;=i(P fc 'P0 = Ti a l so - ^ 

In codimension 1, we can s ay m ore: in this case, po frames V so that each qi is 
completely determined via ( |2.2| ) by Pj, j > i and r*j. It follows at once that p(t) 
is uniquely determined in this case on the domain of the holomorphic coordinate z 
by po and r(t) (and so determined up to sign by r(t) alone). We use this to patch 
together the local solutions provided by Proposition [2.6| to give a global formal 
conserved quantity away from the zeros of n. 

Theorem 2.7. Let (A, rj), A : £ — > S 3 be an isothermic surface in the 3-sphere 
and let Z C S be the (discrete) zero-set of rj. Let r(t) — X)i<o ^ ^ e a 

formal Laurent series with ro > 0. 

Then there is a formal conserved quantity p(t) , unique up to sign, defined onT,\Z 
with (p(f),p(t)) = r(f). 

Proof. Since S is oricntable, V 1 - is orientable and so has a global section po with 
(PojPo) = r a- We now use Proposition]^ to cover E\Z with open sets U a on which 
are defined formal conserved quantities p a with Pq — po and (p a (t) , p a (t)) = r(t). 
If ,x G U a nU/3, then we may find a holomorphic coordinate z near x for which 
77 = — ip A (TAjdz + ip z dz). Thus, near x, pf and pf are uniquely determined by po 
and r(t) and so must coincide. □ 

Since holomorphic quadratic differentials on a 2-torus are constant, we immediately 
conclude: 

Corollary 2.8. Let (A, 77) be an isothermic 2-torus in the ^-sphere and let r(t) — 
J2i<o r it l e ^ e a f orma l Laurent series with r > 0. 

Then there is a globally defined formal conserved quantity p(t) , unique up to sign, 
with (p[f),p{t)) = r(t). 
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3. Special isothermic surfaces of type d in S n 

In this section, we fix an isothermic surface (A, rf) and a holomorphic coordinate z 
with 77 = — ip A (ipgdz + ip z dz). 

As an application of the ideas of Section |[ we ask when (A, r/) is special of type 
d. Our starting point is the simple observation that q(t) is a polynomial conserved 
quantity of degree d then p(t) — t~ d q{t) is a formal conserved quantity with pi = 0, 
for all i < —d, and conversely. Moreover, we can choose the constants of integration 
so that pi = 0, for all i < —d, precisely when j-d-i = 0. Thus, in view of (2. Id), 
we have: 

Theorem 3.1. Let d G No- (A,r/) is a special isothermic surface of type d if and 
only if there exists a formal conserved quantity p(t) of (A, 77) such that 

+ cj-d + 2(q-d, k) = 0. 

In this situation, if 7_d ^ 0, then (A, rf) is a special isothermic surface of type d in 
E{p- d ). 

In this case, with r(t) = (p(t),p(t)), we have r_ 2 d = (P-d,P-d) and r_ 2 d+i = 
2(p-djP-d+i) and so, by Proposition 2.2, these latter inner products are constant. 
Perhaps surprisingly, a converse is available. First a lemma: 

Lemma 3.2. Let p(t) be a formal conserved quantity for (A, rf). Then, for i,j < 0. 
(3-1) (Vd/dzPi,Pj) = li,zli ~ Hl 3 -z 

Proof. Recall that t]q/q z = —tp A ipg while 

p. L = a.itjj - 2j l . z tjj z - + 7^ + qi 

so that riQ/Q z pi = jiipz — 7i,zV'- Now write pj in terms of 7^ to draw the conclusion. 

□ 

With this in hand, we have: 

Proposition 3.3. (A, r/) is locally special isothermic of type at most d € N if and 
only if it admits a formal conserved quantity for which either {p-d,P-d) or, in case 
d>l, {p-d,P-d+i) is constant. 

Proof. We have already seen necessity of the condition on inner products, so we 
turn to the sufficiency. We suppose, without loss of generality, that j^d is never zero 
(otherwise (A, rj) is special of type k < d) and observe that (p-d,P-d) is constant 
if and only if (p^d,P-d)z = 0. However, 

\{P-d,P-d)z = -(llo/ dz P-d-l,P-d) 

. 2 /7-d-l\ 

= -7-d_i,27-d + 7-d-i7-d.2 = -7-4 )z, 

7-d 

by Lemma |3.2| . Thus, when (p_d,P-d) is constant, 7-<j-i/7-d is constant also 
and we have 7— d— 1 = s7-d, for some s £ I. Now define a new formal conserved 
quantity p{t) — p{t) — st~ 1 p(t) and observe that j—d-i = 7-d— 1 ~ s 7-d — so that 
(A, rf) is special of type at most d. 

When d > 1 and (p-d,P-d+i) is constant, we argue similarly, assuming that 7-d+i 
is non-zero and using 

{P-d,P-d+i)z = -{Vd/dzP-d-i,P-d+i) - (p-d,Vd/dzP~d) = -(r)a/dzP-d-i,P-d+i), 

to conclude that there is a constant s such that 7-d-i = s7-d+i and then work 
withp(/j) - st- 2 p(t). □ 
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Let us now restrict attention to codimension 1 where we can carry out the recursions 
of Section H explicitly. So assume that (A, 77) is isothermic in S 3 and let TV be a unit 
(hence /^-parallel) section of the line bundle V . Let p{t) be a formal conserved 
quantity with (p(t),p(t)) = r(t) and write k — kN, 

Pi = aiip + Pi%j} z + (iiipz + Jitp + SiN, 
where we have introduced real functions k and 5i. 

We take, without loss of generality, po — N so that 70 = and So = 1 whence 
(3.2a) 7_r = 2k 

(3.2b) 5-! = r_i/2 

(3.2c) p_j = A{k z - Z + fc 3 )^ - 4kgi/> g - Ak z ^- Z + 2k^ + r -^N 

(3.2d) 7_ 2 =4fc„ + (2c + r_i)fe. 



As an immediate consequence of Theorem 3.1, we have: 

Proposition 3.4. j(| An isothermic surface has constant mean curvature in a 
3- dimensional space-form if and only there is a constant H £l such that 

(3.3) 2k zz + ck = Hk. 

Here, the space-form is E(p-\) and H = — r_i/2. In particular, in this setting p_i 
and so (p_i,p_i) is constant, that is, 

16(-k zM k - k A + k z k- z ) + rljA 

is constant. In view of Proposition 3.3, we deduce the following result of Musso- 
Nicolodi: 

Proposition 3.5. [ fbif An isothermic surface has constant mean curvature in a 
3- dimensional space-form if and only 

(3.4) k z - z k + k 4 - k z k- z 
is constant. 

Similarly, Theorem |3.1| for d = 2 gives: 

Proposition 3.6. (A, rj) is special isothermic of type 2 if and only if there are 
constants Si,S2 6 K such that 

, s 4:k zzzz +Ack zz +Ac z k z + {2c zz + c 2 )k + 8(k zz k + k 4 - k z k z )k 

(3.5) ' 

+s 1 (2k zz + ck) + s 2 k = 0. 

4. Surfaces of revolution, cones and cylinders 

We illustrate the preceding theory by applying it to surfaces of revolution, cones 
and cylinders in S 3 . These surfaces are automatically isothermic surfaces and we 
will find necessary and sufficient conditions for them to be special isothermic. 

4.1. Surfaces of revolution and cones. We take a uniform approach to cones 
and surfaces of revolution by viewing them as extrinsic products. For this, let 
W < R 4 ' 1 be a 3-dimensional subspace and contemplate the direct sum 

R 4 - 1 =W(£W ± . 

Let E = 1\ x I2 be a product of intervals and suppose that A : E — > S 3 = P(C) is 
of the form 

A := (0i + 4> 2 ) 

where 4>i : I\ — > W and <f) 2 : h — > W x are curves with [<j)\,<])\) = —(02,02) = C, 
for a non-zero constant C€K. 
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Here is the geometry of the situation: if W has indefinite signature (so that C < 0), 
then (pi takes values in a hyperboloid while (f>2 is circle- valued. Taking the half- 
plane model of the hyperboloid, we see that A is a surface of revolution. Similarly, 
if C > 0, 4>i is a curve on a 2-sphere while cf>2 takes values in a half-line so that A 
is the cone over <j>\. 

All such surfaces are isothermic: one easily checks that rj = (d(j>i — d02) A (<pi +4>2) is 
closed. The corresponding holomorphic coordinate is also easy to identify: with u, v 
the arc- length parameters on Ji, I2 respectively, set z — u + iv. Then i\) := 4>\ + 4>2 
is satisfies |di/;| 2 = |dz| 2 and r\ — —i\> A (ipgdz + ip z dz). 

Set S = {x G W : (x, x) = C} so that (f>\ : I\ — > S, let n be a unit normal to 4>\ in 
S and k the corresponding curvature so that 

1 , 



We also have: 



t>2 = -jj<t>2- 



Using these, we compute: 

(4.1a) ^» = §(#-i&) 

(4.1b) Ar = n + |(^ 1+ 2 ) 

(4-lc) 4>= + i(^ + i)0 2 + |n 

with AT a unit section of V , for V the central sphere congruence of A. Then 

*~ = \M - 4>l) = + h) + \n = (-± - ^ + 

so that the Schwarzian derivative and Hopf differential of A are given by 

1 k2 k jr 

c = 1 k = -AT. 

2C 4 4 

In the notation of section ||, k = k/4 so that, in the current setting, Proposition 
3.4 reads 

Proposition 4.1. (A, 77) is special isothermic of type 1 if and only if, for some 
constant a, 

(4.2) I + ^+k" + a k = 0; 



Note that equation (4.2) means exactly that <pi is an elastic curve in S, and then 
a = if and only if <pi is a free elastic curve. 
Similarly, Proposition |3.6| reads: 

Proposition 4.2. (A, 77) is special isothermic of type 2 if and only if there exist 
real constants a and j3 such that 

^ + | + ^ + ^ + |(kk' 2 +k 2 k") + k(-) + a(^ + | + k")+^k = 0. 

We now prove that the constant term p_<2 of a polynomial conserved quantity of 
(A, 77) lies W. For this, we recall the notations of the previous sections and begin 
with a lemma: 

Lemma 4.3. Let p(t) be a formal conserved quantity for (A,?;). Then, for each 
i < 0; 7i = —(tp,Pi) is independent of v. 

Proof. We induct, noting that both c and fc = k/4 are independent of v. □ 
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Proposition 4.4. The constant terms of the polynomial conserved quantities of 
(A, 77) lie in W . 

Proof. Suppose that (A, 77) is a special isothermic surface of type d with polynomial 
conserved quantity q(t) and work with the formal conserved quantity p(t) = t~ d q(t). 

gives 



Observe that Lemma 4.3 



since rjip — 0. In particular, (p-d, 0[>) — 0. Moreover, from (4.1), we have 

(p.* 2 ) = + 7- d (~ C - i) + tf_ d (-ikC0. 

However, in this context, by Lemma 4.3, ( p.lbj ) reads 

k 2 k 2 

«-d = |7-d,t«i + -3-7-d = 2 7-d. zz + — 7_d 

a o 

so that 

k 

(P-d, fa) = -C(27_ d , Z s + C7_ d + 2^_dj) = 0. 
Since 02,02 frame W -1 , the result follows. □ 

For cones, this has a geometric consequence: if p-d 7^ 0, we have (p-d,P-d) > 0, 
since W has definite signature, so that (A, 77) is special isothermic in a hyperbolic 
space form. 

4.2. Cylinders. A similar analysis may be carried out for cylinders which amount 
to the limiting case where the curvature 1/C of S is zero. We briefly rehearse the 
details. 

Let vq, Woo £ £ with (t>o, Voo) = — 1, choose a 2-dimensional subspace U < (vq, v 00 ) ± 
and write 

Again let £ = I\ x I 2 be a product of intervals and suppose that A : S 4 S 3 = P(£) 
is of the form 

A := (01 +02 +W0 + ^((01, 0l) + (02,02))voo) 

where 0i : I\ — > U and 02 : 1% U are curves. Let u, v be arc-length parameters 
on Ix, I2 respectively and set z = u + iv. Then ip = 0i + 02 + vo + |((0i) 0i) + 
(fa, fa)) Voo has |d"0| 2 = dz| 2 and is isothermic with 

r/ = ((d0i + (d0i, 0i)Voo) - (d0 2 + (d0 2 , 2 )woo)) A ip. 

Let n be a unit normal to 0i in U with corresponding curvature k so that 0" = kn. 
Using 02 = 0, we have 

(4.3a) = 5 (($. + (0i,0i)woo) -«(02 + (02^2)^00)) 

k 

(4.3b) iV = n + (n, 0i)uoo + -V 

k k 2 

(4.3c) V = ^00 + 2 (w + («, 0i)«oo) + -g-V 

and then 
so that 



k k 2 k 

V'** = j(n + ( n , fa)voo) = — —ip + -^N 

c=-r «=t^- 
4 4 



We conclude: 
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Proposition 4.5. A cylinder (A, 77) is special isothermic of type 1 if and only if, 
for some constant a, 

k 3 

— + k" + ak = 0; 

Proposition 4.6. A cylinder (A, 77) is special isothermic of type 2 if and only if 
there exist real constants a and (3 such that 

*}k 5 f{ , k 3 

^- + +^(kk' 2 + k 2 k") + k< iv > + a{P- + k") + (3k = 0. 
8 2 2 



The analogue of Lemma 4.3 holds with the same argument: 

Lemma 4.7. Let p(t) be a formal conserved quantity for (A, 77). Then, for each 
i < 7 7, = —(ip,Pi) is independent of v. 

Proposition 4.8. The constant terms of the polynomial conserved quantities of 
(A, 77) lie in U © (woo)- 

Proof. Suppose that (A, 77) is a special isothermic surface of type d with polynomial 
conserved qua ntit y q(t) and work with the formal conserved quantity p(t) = t~ d q(t). 
From Lemma 4.7, we have 

(4.4) = (p(f),^)„ = V») + (P(*),^) = (p(*),^) + (^,^2)(p(t),«ao). 

Now (ipjVoo) = —1 so that (dip,Voo) = while ( 4.3c ) yields (i/>,Uoo) = — k 2 /8. Thus, 

k 2 k 

(P-d, Woo) = — Q!_d - 7-d— — <5_ d -. 

o z 

Once more we have 

k 2 k 2 

(4.5) a_<j = \l-d,uu + -5-7-d = 27-d. zz + —7-d 

o o 

so that 

k 2 k 

(P-d, Woo) = -2"t- d ,zz - 1-d— - S-dy = °- 



Now (4.4) yields 02 ) = anc ^' since w ooi 02 f ram e (U®{v 00 }) ± , we are done. □ 

Again this has a geometric consequence: if p-d 7^ 0, (p-d,P-d) > with equality 
if and only if p-d S (woo)- Thus a special isothermic cylinder is either special 
isothermic in a hyperbolic space or in the particular Euclidean space E(voo). 
In this last case, the conditions to be special isothermic of type d simplify consid- 
erably: 

Proposition 4.9. Let d G No- A cylinder (A, 7/) is a special isothermic surface of 
type d in E(voo) if and only if there exists a formal conserved quantity p(t) of (A, 77) 
such that 7_d is constant. 

Proof. Certainly, if we have p(t) with p_d lying in {voa) then = (p-d,?pz) = 
— 2 , j-d,z so that 7_c; is constant. 

For t he converse, suppose that 7_d is constant and note that, in the present context, 
(HI) yields 

5-d.z = -7-dk'/4 

so that we may take 5-d = — 7_<jk/2. On the other hand, by (4.3c) and (4.5), we 
have 

P-d = 2^i^ d ,zzi> - 2-f_ d ,z^z - 27_ d , z V>z + (8-d + -^l-d)N + 7-dVoo 
and all coefficients except the last vanish so we are done. □ 
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In particular, (A, rf) is a special isothermic surface of type 1 in E(voo) if and only if 

k is constant; 

(A, 77) is a special isothermic surface of type 2 in E(voo) if and only if there exists 
a real constant a such that 

k 3 

(4.6) — + k" + ak is constant; 

(A, 77) is a special isothermic surface of type 3 in E^Vqc) if and only if there exist 
real constants a and /3 such that 

c 1,3 

+ +^(kk' 2 + k 2 k") + k< iv ) + a{— + k") + /3k is constant. 

8 2 2 
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